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A model for the formation of ocular dominance stripes

By N.V.SwiNDALE
Physiological Laboratory, Downing Street, Cambridge CB2 3BG, 7. K.

(Communicated by H. B. Barlow, F.R.S. — Received 9 October 1979)

The paper describes a model of competition that explains the formation
of the ocular dominance stripes found in layer IVc of cat and monkey
visual cortex. The main proposal is that synapses exert effects on the
growth of other synapses, and that these effects extend over distances of
at least 600 pm and vary in magnitude and sign within this distance.
Interactions hetween like type synapses are assumed to be stimulating
for distances up to about 200 um, and inhihitory for distances of
200-600 pm. The reverse is true of interactions between synapses of
opposite eye type, where the effects are inhibitory for distances up to
about 200 pm and stimulating for longer ones. The interactions are
assumed to be circularly symmetric. Growth of, for example, right eye
synapses at one point will therefore (@) encourage local growth of right
eye synapses and inhibit local growth of left eye synapses and (b)
encourage growth of left éye synapses and inhibit growth of right eye
synapses in an annular ring surrounding the point of initial increase. At
the start of development, right and left eye synapses are assumed to he
intermixed randomly within layer IVe. Computer simulations show
that a wide variety of conditions incorporating these assumptions will
lead to the formation of stripe patterns. These reproduce many of the
morphological features of monkey ocular dominance stripes, including
Y- and H-type branches and terminations, the tendency for stripes to
run at right angles into the boundaries of the pattern, and to narrow at
branch points.

The model can explain the effects of monocular deprivation on stripe
morphology if it is assumed that the effectiveness of deprived eye
gynapses in determining rates of growth locally is reduced. The existence
of a critical period for these effects can be explained if it is assumed that
lateral growth of terminals does not occur, and that some factor such as
a limited availability of postsynaptic sites decreases the rate of growth of
synapses as their density approaches a maximum.

The model can be generalized to account for pattern formation in
other systems, such as zebra or mackerel skin, where similar striped
patterns oceur. In this context, the simplest model based on diffusion
that will produce a pattern of stripes requires that one cell type should
secrete twa substances, one of which stimulates growth or differentiation
of its parent cell type and has a low rate of diffusion or is rapidly
inactivated, and another that inhibits growth or differentiation and
either has a higher rate of diffusion or is less rapidly inactivated.

A preliminary account of some of these results has appeared elsewhere
(Swindale 1979).
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i. INTRODUCTION

When electrophysiological recordings are made from the visual cortex of cats
and monkeys, cortical neurons are found to vary in the relative extent to which
they can be driven by stimuli given to the right or the left eye. Neurons that are
close together or in the same radial column of cortical tissue tend to share a
preference for stimuli given to a particular eye, and this preference varies system-

Fioure 1. A reconstruction of the pattern of ocular dominance stripes in area 17 of a macaque
monkey, made from a series of sections cut in a plane tangential to the cortical surface,
and stained by a reduced.-silver technique (LeVay et al. 1975}, This reveals narrow pale
hands at points of transition between right and left eye-dominated cortex, so that the
pattern of columns can be reconstructed. Regions receiving input from one eye are
shaded black in the figure; the unshaded areas between the stripes receive their input
from the other eye. The dashed line is the border between arvea 17 and 18. (Taken from
Hubel & Wiesel 1977.)

atically with lateral distance in the cortex: left and right eye-dominated regions
alternate with a periodicity of 700-800 um (Hubel & Wiesel 1962, 1968). An
explanation for this phenomenon can be found in the way in which the two eyes’
inputs, relayed separately by the different laminae of the lateral geniculate
nucleus, are distributed within layer IVec of the cortex (figure 1): if the terminals
conveying input from one eye are labelled selectively {(e.g. by injecting a radio-
active tracer into the eye), the distribution of label, viewed from a direction
normal to the cortical surface, is not uniform, but forms a pattern of stripes that
are individually about 350 um wide, separated by gaps of the same width (Hubel
& Wiesel 1972; Wiesel et al. 1974; LeVay et al. 1975; Shatz ef al. 1977). Individual
stripes may divide to form Y- or H-type branches, and may change direction
without branching, or end blindly. The gaps between the stripes have the same
morphological properties as the stripes themselves, and it can be inferred that
they are occupied by unlabelled input from the other eye (LeVay et al. 1975).
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The imyplication that this segregation of the inputs to the two eyes iz responsible
for the physiological variations in ocular dominance has been confirmed by
experiments that show an exact correspondence between the locations and
houndaries of columns predicted from anatomieal data and determined by electro-
physiological recording (LeVay et al. 1975; Hubel ef'al. 1977; Shatz & Stryker
1978).

Fioure 2. The stripes on the rear lank of a zebra. {Redrawn from
& photograph in Strache (1959).)

I't is remarkable that the ocular dominance stripes found in the monkey striate
cortex closely resemble patterns that can be found elsewhere in nature. Com-
parisons with the stripes on zebras (figure 2} and fingerprints have been made
{Hubel & Wiesel 1977), while similar patterns oceur, for example, on male cuttle-
fish, on mackerel, bird feathers and many species of tropical fish. In all of these
patterns the stripes display an apparent randomness in the location of branches
and terminations, a tendency to narrow in width at branch points, and a tendency
to run at right angles into the boundaries of the pattern. These resemblances
suggest that there is some underlying formal similarity in the mechanisms that
give rise to the patterns, and if this is so, it should be possible to formulate a
model of the development of the pattern in the cortex without needing to make
detailed assumptions about the underlying cortical physiology. The purpose of
this paper is to suggest one such possible model; as a consequence it is also able
to suggest how similar patterns could be formed in other systems.
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2. TEE MODEL

The starting point for the ideas to be expressed here is the model put forward
by Hubel et al. {1g77) to explain the effects of abnormal early visual experience
on the development of the ocular dominance stripes. In hoth the cat and the
monkey the pattern is formed at around, or shortly after, the time of birth. Six
weeks before birth in the monkey, the inputs from the two eyes are uniformly
intermixed within layer IVe of the visual cortex (Rakic 1976, 1977). One week
before hirth a periodicity in the distribution of afferents is apparent, although
the inputs still overlap everywhere; by six weeks of age, separation into non-
averlapping stripes is almost complete (Hubel ¢ al. 1977). Abnormal visual
experience can alter the characteristics of the final pattern if it occurs while the
stripes are forming. Removal, or closure, of one eye shortly after birth for a period
of 7 or more weeks causes the stripes conveying input from that eye to become
narrow in width, while conversely, those from the normal eye expand (Hubel et «l.
1977; Shatz & Stryker 1978). No such effects oceur when similar procedures are
carried out in animals more than about 2 months old, when segregation is already
complete (ITubel et o, 1977).

Hubel e ol. explained these results with the suggestion that during develop-
ment there is competition hetween left and right eye terminals in the cortex, so
that if in any region one set of terminals predominates numerically aver the
other the inferior set decreases in number and is eventually eliminated. Given
two initially overlapping sets of projections, with periodic, out of phase fluctuations
in density, this process should lead to segregation into non-overlapping stripes of
equal width. Depriving one eye of vision might put it at a disadvantage in the
competition, so that at the edges of a presumptive stripe, the input to that eye,
though numerically still superior to that from the normal eye, would he rejected.
This would explain why the deprived eye stripes become narrow and the normal
stripes wider. As well as accounting for the effects of monocular deprivation, the
hypothesis explains why deprivation effects become progressively less severe as
segregation proceeds, and why binocular deprivation is without apparent effect
(Wiesel & Hubel 1974). However, it is not certain that a purely local interaction
of this sort could account for the initial stages in segregation, when a uniformly
intermixed distribution of inputs changes to one with well defined periodic
fluctuations in density. Ideally a model ought to he able to account for all stages
of segregation, and in what follows I show that an extension of the ideas of Hubel
et af. can do this.

In this model, I propose that the effects that a synapse exerts on the growth
of ather synapses are not local, but extend over space, varying in both magnitude
and sign. Thus the effects on growth may he positive or negative, depending on
distance. There are four types of interaction to take into account: effects on
growth exerted between synapses of the same eye type (R-R and L-1 inter-
actions); and effects exerted between synapses of opposite eye type (R-L and
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L-R interactions). These effects can be described quantitatively by a total of
four functions wgg, wg, wer and wrg, which describe how the effects on
growth produced by each type of synapse considered in isolation from others
vary with distance. It is a general feature of the model that wpg and w;; are
positive for short distances (0-200 pm) and negative for larger ones (200 600 pum),
while the reverse is true for wgq, and wig.

The region of space within which wgp and wy,;, are positive and wyg,; and wy g
are negative will be referred to as region E (this region is not necessarily the same

Freure 3. The functions w, (dotted line) and w, (continuous line) used to generate the
pattern shown in figure 4, graphed as a function of radial distance. The bottom half of
the figure shows their projection onto a part of the array used to represent the cortex.
The dots represent points approximately 104 um apart from one snother. The points
shown are those whose associated synaptic densities influence the rate of growth of
gynapses at the central point, represented by a circle.

for all four functions, but will he assumed to be so for simplicity), while the sur-
rounding region, in which the functions have an opposite sign, will be referred to as
region I. All the functions are assumed to be zero for distances greater than 600 pm,
and all are assumed to be radially symmetric. If the inputs from the two eyes
behave in the same way (which may not be the case in monocular deprivation),
then wgp = wyp, and wg, = wrp. When this is the case, w, will be used o
represent wyp and wyy, and w, to represent wg,, and wyp (figure 3). (The subscripts
s and o are intended to signify same and opposite type interactions respectively.)

Various means ¢an be envisaged by which synapses could come to exert distance-
dependent effects on the growth of other synapses. If Hebb synapses are involved
(as Malshurg & Willshaw (1976) suggest) effects on growth might depend on a
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combination of various probabilities, e.g. that two synapses are in contact with
the same postsynaptic cell, that they belong to the same axon, or that they are
driven hy similar regions of the retina. These probabilities are likely to vary with
lateral distance hetween synapses. Alternatively, synapses could release chemicals
that diffuse through tissue and exert stimulating and inhibitory effects on the
growth of other synapses (this is discussed in appendix 2). Different types of
mechanism would be expected to imply different functional forms for wypy ete.,
but since the results of the model are to a large extent independent of the precise
forms chosen (see below) the model allows considerable scope in interpretation
in terms of more specific mechanisms.

To summarize, the extra features of the model that have been introduced can
be expressed as follows: (1) synapses of opposite eye type not only inhibit each
other’s growth locally (in. this case for distances of up to 200 pm) as proposed by
Hubel et el {1977) but also reinforce each other’s rate of growth if situated
greater than 200 um apart; and (2) synapses of one eye type compete among
themselves, so that a local excess of one eye type will encourage further local
growth of synapses of that type, but will discourage the growth of similar synapses
if they are more than 200 pm distant.

The postulated effects on growth represent the effects of individual synapses
considered in isclation from others. To find the rates of growth at a point in the
cortex, the effects of all surrounding left and right eye synapses have to be taken
into account, This is done by making a locally weighted sum of the surrounding
left and right eye synaptic densities, with the weights being given by the functions
wrps ebc. If np{r) and n, (¢} represent the densities of right and left eye synapses
respectively at a position r on the cortical surface {the cortex will be regarded as
a two-dimensional sheet of tissue for this purpose), then the rate of growth of
right eye synapses will be determined by a function s(r), where

splr) = fE , f{nﬂ(rmm wrg(ty) + 7y, (f — 1)) wpg(r)} dry. (1)

This is mare conveniently written with the conventional notation for convolution.
Thus,

The corresponding equation for left eye synapses is
Sy, = np¥Wpy + AR *WRy- (2)

Other factors will limit the rates of growth 3ng /0t and On., /0t of right and left
eye synapses: ng and ny, cannot be negative, and there must exist an upper limit,
N, to their density in the cortex. Thus, in general,

o /8 = sp flnn). (3)

where f(ng) = 0 for ny = 0 and np = N. Thus, a suitable form for f(np) is

fing) = ng(N —ng) (4)
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or, alternatively,

E=1if0<ng <N
fing) = %k, where [k:OifOanéN’ .(5)

with similar relations jolding for n;, and s;, throughout. Both of the possibilities
(4} and (5) yield similar results in practice. Physiologically, these equations imply
two things: (@) that once synapses of a given eye type have disappeared from a
region they can never reappear, i.e. that lateral growth of terminals does not
occur; and (h) that some factor such as the availability of postsynaptic sites
reduces the rate of growth of synapses as the density increases.

For many of the computations it was further assumed that the sum of the
densities of left and right eye synapses is constant throughout the cortex, i.e.
that ng+n;, = N everywhere. This will be the case if there exists a fixed and
uniform number of postsynaptic sites in the cortex that are always occupied by
either left or right eye synapses. Since ng and ny, can no longer vary independently,
this necessarily implies that wgp = —wpy and wyy = —wpp. The resulting
simplification of the model is further discussed in appendix I. In practice the
results are essentially the same as with the less simple case.

Computer solutions of the above equations were obtained with the inputs to
the cortex represented by pairs of values assigned to points in a two-dimensional
array. These points represent regions of cortex each approximately 100 pm apart
in a direction parallel to the cortical surface. It was assumed that the initial mean
densities of left and right eye synapses, 7;, and 7y, were the same, with a variance
equal to their mean numerical value. The actual numbers likely to be involved
are not known, but, if layer IVe is about 200 um thick, then the data for the cat
(no comparable data is available for the monkey) given by Garey & Powell (1971),
Cragg (1975) and LeVay & Gilbert (1g76) suggest that numbers in the range
104-105 would probably be appropriate. The value most commonly used was
1.5 % 10%; however, in most cases the amplitude of the initial fluctuations in input
is not eritical. For madels where ny + n;, = ¥ the initial distribution was assumed
to be binomial with a variance = 0.25N. N narmally had the value 3 x 104,

For the majority of the computations the functions wgg ete. all had the same
general form:

w(r) = A exp (—*/d,)— Bexp {—(r-h)*/d,}, (6)

where r is radial distance in units of 100 pm, and 4, B, d,, d, and % are constants.
Often A was zero. Many other functions satisfying the general requirements of the
model (i.e. that wpp and wyy should be pasitive for short distances and negative
for longer ones, with the reverse being true for wg;, and wpg) were also tried,
and performed equally well (to the extent that the patterns produced were
visually similar). These included, for example: a ‘top hat’ function, for which
wy = Lforr < 2, and —1 for 6 > ¢ > 2, with w, = —w,; combinations of two
exponential (rather than Gaussian) funections; and solutions to a steady state

9 Vol. 308, B
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diffusion equation (as outlined in appendix 2). In appendix 1 mathematical
arguments are given that suggest why this should be so.

3. ResuLTS

When the model is put into action in the form of a computer program, patterns
like that shown in figure 4 develop. Figure 3 shows the functions w, and 1, used
to generate the pattern. As the inputs are changed with successive iterations of
the program, the initial randomness disappears; blotches and stripes develop, and
these eventually organize into a pattern of branching stripes that is stable to
repeated further iterations of the program. These are remarkably similar to those
ohserved in the monkey, and, on a small scale, almost every feature present in
the pattern in the monkey can be observed in the artificial stripes. Further points
of resemblance are that in both types of pattern stripes often narrow in width at
branch points {a feature that can be observed in other patterns, such as mackerel
and zebra stripes), and both types of stripe may show fluctuations in width
along the length of the stripe. When this occurs the fluctuations tend to have
the same periodicity as the spacing of the stripes. (Neither of these features is
evident in the recanstruction of figure 1, hut they can be seen in autoradiographs,
e.g. fig. 85 in Hubel ef al. {1978).) One difference between the two types of pattern
is that the computer stripes are usually less constrained in the degree to which
they take on a predominant local orientation, i.e. they change direction more
frequently than do ocular dominance stripes. A possible reason for this is
consideread in section 4.

A wide variety of forms of w, and w, leads to the formation of stripes. The
principal restriction on the possibilities is derived from the requirement that the
values of sp and s, averaged over space, should be close to zero. If this is so, then
the average rates of growth of ng and #;, will also be close to zero. This requirement
will be satisfied if 2,4+ @, = 0, where ¥, and i3, represent the averages of w, and
w, over space (i.e. the volumes under the functions). If w,+ &, < 0 the inputs
will disappear everywhere; conversely, if i, + @, > 0 segregation will fail to oceur
and the inputs will be distributed everywhere. This latter behaviour iz interesting
in view of the fact that within layer IVe of some New World species of monkey
both left and right eye inputs are uniformly distributed (Hendrickson ef al. 1978;
Hendrickson & Wilson tg79). Also interesting is that, if i#,+w, < 0, narrow

FIcure 4. A pattern of stripes produced by a computer. Figures give the age of the pattern
in program iterations. A point is displayed wherever the input from a given eye pre-
dominates aver the ather. In the final pattern more than 97 %, of the points are occupied
axclusively by input from one eye. The number of such points increases most rapidly
between the 80th and 160th iterations of the program, which for a monkey would
probably correspond to & period shortly after birth. For this pattern a constant total
density of synapses was assumed, with w, {= —w,) given by equation (8}, with .4 = 0.3,
B=140,d, =50,d,=14and h =37
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uniform gaps appear between the stripes. This may actually be the case in the
macaque monkey, since silver stains reveal a lower density of fibres at points of
transition between left and right eve-dominated cortex (LeVay et al. 1975). If
W, = —wW, (as is necessarily the case when the total density of synapses is
constant} then the restrictions on the possible shapes that the functions can take
will be least severe (see appendix 1 for further discussion of this). For example,
hath w, and w, can be zero within region E (implying an absence of short range
effects), provided that w, is positive in region I and w, negative. Tt is also possible
for w, to be zero everywhere (implying that competition only occurs between
synapses of apposite eye type), provided that @, ~ 0.

If the magnitudes of w, and w, are small in region E and large in I, then the
stripes become mare regular in width, and branch less frequently: H formations
disappear and the tendency to narrow at branch points becomes pronounced. If
the converse is true, and the magnitudes of w, and w, are large in E and small in
I, then the stripes become irregular in width and branch frequently. If both
functions are zero in region I (i.e. if long range interactions are ahsent) then
segregation occuts in the form of largs irregular patches.

Departures from radial symmetry in w, and w, alter the directions in which the
stripes run. If region E is elongated there is a marked tendency for the stripes to
run in the direction of elongation; if I is elangated then the stripes run perpen-
dicular to this direction. This has an interesting consequence for points near the
houndaries of the array, where the parts of regions E and I that extend over the
boundary no longer have any determining effect an the hehaviour of the stripes.
Region 1 is effectively elongated and, as a result, the stripes in this region became
orientated in a direction perpendicular to the border (figure 4). This is a striking
feature of the stripes in the monkey, as well as those of zebras and mackerel.

4, EFPFECTS OF GROWTH OF THE CORTEX

It is interesting to consider the possible effects of growth of the striate cortex
as a whole on stripe morphology. The striate cortex presumably enlarges sub-
stantially in area during the weeks befare hirth, when the columns are beginning
to form, while an increase in area of about 209/ is known to oceur between birth
and adulthood (Hubel ef al. 1977). The periodicity of the columns is less in pre-
natal monkeys than in adults {(Rakic 1g76), which suggests that the space constants
of the interaction simply enlarge in parallel with the expansion of the cortex.
However, if grawth of the cortex is anisotropic, i.e. if there is an overall expansion
in one direction, while the interactive forces between synapses remain radially
symmetric, then there could be effects on the direction in which the final stripes
run. This expectation was confirmed by simulations where the array in which
the stripes were forming was slowly elongated ({figure 5). The effects on the stripes
are proncunced and clearly not due to a simple stretching of the pattern. The
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gtripes always run in the direction of the expansion, and this is unaffected by
changes in the shapes of 1w, and u,. It is likely that any anisotropy in the expansion
of the cortex during growth will be similar over rather large areas of cortex, and
this may perhaps contribute to the observed uniformities in the orientations of
the stripes.

Fraure 5. The effect of simulating a unidirectional expansion of the cortex while the stripes
form. The functions w«, and w, remain unchanged in shaped while this happens. The
array was expanded in the horizontal direction by 209, and this expansion was com-
pleted hefora the period of peak turnaver of synapses. For this pattern. ny and n, could
vary independently; w, was given hy equation {6), with 4 = 1.0, B = 4.9, 4, = 3.0,
dy = 100, and b = 0; forw, d = —1.0,B= —1.0,4, = 4.0,d, = 10.0, and h = 0.

5 MONOCULAR DEPRIVATION

It is natural to suppose that these effects result from a change in the relative
effectiveness of the twa eyes in determining the rates of growth of cortical
synapses, ie. that wggp # wpy, and wyy, # wyp, and that these changes will
consist in a reduction of (a} the ahility of the deprived eye to inhibit the local
growth of opposing normal eye synapses and/or (b) the extent to which growth
of deprived eye synapses cooperatively encourages similar local growth. These are
both reductions in the magnitudes of short-range effects, i.e. those taking place
within region ¥, so that this explanation is essentially the same as that proposed
by Hubel et al. (1977). The alternative possibility is that interactions due to the
deprived eye are increased in strength in region I, but this seems less likely, though
the immediate consequences would be the same.

When such changes are made in the model, either at the start of, ar during,
segregation, the normal eye enlarges its territory at the expense of input from the
‘deprived’ eye. Two types of change can oceur: if deprivation takes place before
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the main features of the final pattern have emerged, circular islands of label,
which have about the same width and spacing as normal stripes, are left embedded
in a complementary pattern of input from the normal eye; however, if the stripes
are induced to take on a predominant local orientation, e.g. by elongating the
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Ficure 6. Simulated monocutar deprivation. A constant total density of synapses was
assumed, =o that wng = ng; wpg = —wgp and wy;, = —w;y. The magnitudes of the
central parts of the functions wyy and wy, were reduced by about 709 during the
period of maximum turnover of synapses. Following this the funetions were restored to
their normal value while zegregation cantinued to campletion. The stripes were con-
strained to run in a uniform direction by slowly expanding the arrsy during the earliest
stage of segregation. This was camplete by the time deprivation was started. Before and
after the deprivation, wgg and wy were given by equation. (), with 4 = 1.0, & = 0.31,
d, = 3.0, d, = 10.0, and b = 0.0; for the period of deprivation, wgy and wy; were
altered by reducing the value of 4 to 0.5.

array in which they form, or if the deprivation is initiated at a late stage in
segregation, then the deprived stripes narrow in width while the normal ones
expand (figure 6).

The model itself has a critical period for these effects (figure 7}, which coincides
with the period of segregation. Such a relation is implied by equation (4), and
thus in turn by the physiological assumptions on which this equation is based.
In the model, segregation will be complete when ny and np are everywhere
either zero or equal to N. When this is the case the pattern is stable to changes
in the value of s{#) produced when the functions wgp etc. are altered, since
Ffin) = n(N —n) = 0 everywhere, and dn /3t = s(r) f(n).

Further simulations have shown that the model behaves in a way suggested
by the results of Movshon & Blakemore (1974), Movshon (1976} and Blakemore
et al. (1978): the effects of initial deprivation can be reversed by reversing the
changes made to the two eyes (so that the initially deprived eye is normal, and
vice versa), if these changes are made before segregation is complete. The effect
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is much less if equality is merely restored to the two eyes after the deprivation
{cf. Hubel 1978): the extent to which ‘binocular vision’ is effective in reversing
initial deprivation depends on the initial values of %, and %, (see appendix 1);
if the values are close to zero then the procedure may have very little effect.
Simulated binocular deprivation has the effect of delaying segregation and thus
prolonging the eritical period of the model (figure 7). '

2x10°

10°

synapsesfstep
deprivation index

number of program steps

Frcure 7. The effects on segregation of simulated monocular and binocular deprivation as &
function of time, The two curves show how the total turnover of synapses changes (a)
normally and (b) during binocular deprivation. The horizontal hars indicate periods of
simulated monoecular deprivation; their height indicates the magnitude of the effects,
produced on a scale from 0 to 1; 0 indicates equality in the total number of left and
right eye synapses; I indicates complete absence of one type of synapse.

6, WHY DO STRIPES FORM!?

Since there is no way of predicting with certainty, other than by computer
simulation, that equations {1)-(4) have a solution that is a pattern of stripes, no
satisfactory answer can be given to this question at present. However, qualitative
arguments can be given that at least make the result seem plausible. In appendixt,
I give quantitative arguments for supposing that the resulting pattern will have
a well defined periodicity determined by the form of w, and w,, but no firm
conclusions about what form the pattern will take can be drawn from these

arguments.
Suppose that the values of ny and n;, are the same everywhere, with no initial
variance, and, for simplicity, suppose that w, = —w,. Then sp and s;, will be zero

everywhere, and growth will he absent. The system iz now in an unstable equili-
brium. Suppose that at one point the value of sy is increased by a small amount.
Within a surrounding region the size of E, sp will become positive and s;, negative,
while in the surrounding annular region I, sp will be negative and sy positive.
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This therefore will induce growth of ay in a spot surrounding the point of initial
increase, and growth of ny in a ring surrounding the spot. This in its turn will
induce the growth of ng in a surrounding ring, and the final pattern will be a set
of alternating concentric rings of ng and ny,. A more complicated initial disturbance
will of course lead to a more complicated final pattern, but it is reasonable to
suspect that alternating stripes will also be present.
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Freure 8. This illustrates the stability of a final pattern of stripes and branches, where
segregation is complete and ny and ny, = 0 or N everywhere. Shaded areas represent
regions from which contributions to the values of g, and s, cancel by symmetry. See
text for further explanation. :

A second argument is based on the fact that segregation divides the area that
the inputs initially oceupy into two regions, each of which is half of the initial
area. (Given that the same rules apply te both eyes, both regions should possess
the same topological properties. This is true for a pattern of branching stripes,
but not for alternative divisions into two equal areas, for example, into a set of
disconnected spots embedded in a complementary honeycomb-like matrix.

It is possible to show diagrammatically that stripes, including branches, are a
possible stable solution of equations {1)—(3). Figure 8 illustrates this. The require-
ment for stability is that the result of the operation defined by equations (1) and
{2) should yield a value of sy that is positive wherever right eye input is present,
and a value of s;, that is similarly positive wherever left eye input is present.
Figure 7o shows the contributions from surrounding left and right eye synapses
to the value of s in the centre of the stripe. The two concentric circles represent
regions E and I; within E, right eye synapses make a positive contribution to
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sp; outside K, left eye synapses occupy the larger part of the area of I, and so the
contribution from I to the value of sy is positive averall. Thus ¢q Is large and
positive in the centre of a right eye stripe. The remainder of the figure illustrates,
in turn, how sy remains positive near the edge of a stripe, is zero at the edge of a
stripe, and is still positive in the centre of a branch. This final part of the figure
illustrates the effect of the magnitude of the centre weighting on the morphology
of the branches: an M configuration in the right eye input would not be stable
unless the centre weighting was large enough to overcome the extra inhibition
preduced by joining the two adjacent right eye stripes.

7. DrscussioN

The essential ideas of this paper can be expressed simply but adequately as
two rules of interaction hetween left and right eye synapses: (1) if synapses of one
eye type predominate locally, i.e. within a circular region about 200 pm in
diameter, that type of synapse will increase in number at the expense of the other
type; however, (2} this increase will be reduced or reversed if the same type of
synapse predominates in a surrounding annular region 200--800 pm distant. These
rules can he used to provide an explanation for pattern formation in other systems,
such as the zebra, and in appendix 2 a brief account of this application of the
madel is given. In addition to accounting for the normal morphology of ocular
dominance stripes, the model lends itself to a simple explanation for the effects
of monocular deprivation and for the existence of a eritical period for these
effects. The explanation for monocular deprivation is similar to that proposed by
Hubel et al. {rg77): the deprived eye is presumed to lose its effectiveness in
determining rates of growth locally. The critical period can be explained if it is
assumed that lateral growth of terminals does not oceur, and that some factor
such as a limited availability of postsynaptic sites reduces the competitively
induced rate of growth of synapses as their density approaches a maximum.

There are similarities between this mechanism and other models that have been
put forward to explain ocular dominance column formation (Malshurg & Willshaw
1976 ; Malshurg 1g979). These are less general in scope than the present madel and,
consequently, make more assumptions about the praperties of cortical neurons
and their inputs. One of the models (Malsburg & Willshaw 1976) invakes features
such as short range excitatory and long range inhibitory connections hetween
cortical neurons, anticorrelations in the impulse activity of the two retinas,
spatially correlated retinal inputs, and Hebh synapses in the cortex. The ather
madel (Malshurg rg79) postulates the existence of lacal similarities in sets of
presynaptic chemical markers that are transported via synapses into their post-
synaptie cells, through which they propagate laterally. Synapses are then
strengthened or weakened on the basis of similarity in the pre- and postsynaptic
sets of markers. Computer simulations show that these assumptions are sufficient



258 N. V. Swindale

to account for the segregation of inputs into alternating stripes, although it has
not been shown that other features, such as branches or boundary-induced
changes of direction, can be reproduced. It seems probable thaugh that bath
models will lead to interactions hetween synapses that are similar in kind to those
postulated here. The models are valuable, therefore, in providing possible physio-
logical interpretations of the more general rules in this paper.

Other theories of pattern formation, based on diffusion (Turing 1952) and
antocatalytic praduction of activator and inhibitor substances (Gierer & Mein-
hardt rg72; Meinhardt & Gierer 1974), have not so far heen successfully applied
to patterns of the sort discussed here (see Bard & Lauder rg74; Bard 1977).
Despite this, these models are not conceptually dissimilar from the present one.
The idea of short-range activation coupled to & longer-range inhibition is used by
Gierer & Meinhardt in a very similar way, while if the present model is interpreted
in terms of a diffusion mechanism (see appendix 2) there are considerable resem-
blances with Turing’s theory, since the diffusion of two substances with different
diffusion constants and/or inactivation rates is involved. The differences may lie
more in the way in which certain constraints are built into the present theory, an
important one being that diffusional gradients (if part of the mechanism} should
always bhe at, or close to, equilibrium.

Despite the general form of the model, it does have a number of predictions
to make. Most of these derive from experimental resnlts showing that monocular
deprivation, if it occurs while the columns are in the process of segregation,
alters the morphology of the stripes from both eyes, the normal eye enlarging
its territory at the expense of the deprived eye. A consequence of the explanation
proposed for this effect, that for, e.g. right eye deprivation, the central regions
of wgp and wg;, become reduced in magnitude, is that binocular deprivation will
delay the overall rate of segregation (see figure 7). Another consequence of
binocular deprivation, if it reduces the magnitudes of all the functions wgpy ete.
in their central regions, is that the final pattern of stripes will be abnormal, with
a reduced incidence of H formations and an increased tendency for stripes to
narrow at branch points (see section 3). At present there is no anatomical evidence
that relates to either of these possibilities.

A related prediction concerns the correspondence bhetween the period of
segregation and the critical period. Such a correspondence is implieit in the madel
{providing an alternative to the explanation suggested by Kasamatsu & Pettigrew
{rg76)) and is ohserved experimentally (Hubel et al. 1977; LeVay et al. 1978).
Binocular deprivation, therefore, if it prolongs segregation, should also prolong
the critical period. Indirectly, behavioural (Timney ¢f af. 1978) and selectro-
physiological evidence (Cynader 197g) obtained from the cat supports this
prediction: the effects of monocular deprivation, judged by loss of visual acuity
or by loss of cortical neurons driven by the deprived eye, are much more severe in
cats reared for 10 months in the dark than in normal animals of that age. Con-
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versely, any procedure that accelerates segregation (strabismus seems a likely
candidate for this) should shorten the critical period.

It has heen suggested by Mitchell ef al. (1978) that a competitive mechanism
cannot, solely determine the effectiveness of the two eyes in driving cortical
neurons, since an initially deprived eye can regain its influence on cortical neurons
as a result of a subsequent period of hinocular visual experience. During this
period neither eye can have a competitive advantage over the other, and thus, it
is argued, other factors must operate to restore equality of input. However, a
compefitive mechanism can explain this behaviour (see appendix 1). Given
equality in the behaviour of the two eyes, the system described by equations
(1)~(4) has a natural equilibrium in which the two eyes are equally represented;
eye closure cauges the system. to tend to a new equilibrium, but restoration of
equality to the two eyes restores the equilibrium to its initial value, to which the
system can return. (However, under certain conditions, discussed in appendix 1,
the time course of this return may be prolonged.) Another way of putting the
argument would he to say that even if both eyes are open, one eye can effectively
he at a competitive disadvantage if it maintains a greater than normal density of
terminals in the cortex (which would be the case after monocular deprivation).

A word may be said about the pattern of ocular dominance columns in the cat.
These develop, like those of the monkey, from an initially overlapping and even
distribution of synapses (LeVay et al. 1978). At an intermediate stage of segre-
gation, the density of the projections (measured from grain counts in radioauto-
graphs) fluctuates roughly sinusoidally (in agreement with the prediction of the
linearized approximation to the model discussed in appendix 1). However, in the
adult cat the distribution is still roughly sinusoidal, though with some degree of
flattening of the peaks and troughs of the distribution. This contrasts with the
square-wave pattern seen in the monkey, which the model explains by the
agsumption that the upper limits to synaptic density are set by some very local
constraint, e.g. the density of available postsynaptie sites, which is presumably
uniform. throughout the cortex. A possible explanation for the difference between
the two species could be that in the cat the limits to synaptic growth are not set
by local constraints but by some other factor, for example, the density of incoming
fibres. If it is these that have a square-wave distribution, then the boundaries of
the eolumns estimated from counts of synaptic density would not be sharp,
since a single fibre can distribute synapses throughout a surrounding region of
cortex that is several hundred micrometres in diameter (Ferster & LeVay 1978).

The acular dominance columns of cats and monkeys are not the only examples
in which the neuvral inputs to a structure have a periodie, or stripe-like, distri-
bution. In the rhesus monkey, for example, inputs to the frontal association,
limbic and motor cortices (Goldman & Nauta 1g977a), the caudate nucleus
(Goldman & Nauta 1977 5), the putamen (Kiinzle 1975) and the colliculus (Hubel
ef al. 1975) all show periodic fluctuations in density, and form patterns of stripes
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or disconnected spots, or a complementary pattern of nearly continuous input
interrupted by gaps. Similar patterns can be found in the cat colliculus (Graybiel
1975, 19784, b) and can be induced artificially in the tecta of three-eyed frogs
(Constantine-Paton & Law 1978). As described in section 5, the model can
reproduce this range of patterns; whether spots, gaps or stripes are formed depends
on the degree of asymmetry in the behaviour of the two competing inputs (i.e.
the extent to which wgg # Wy and wgp, # wpg). If the hypothesis put forward
in this paper is correct, it may be that all of these patterns develop as a result of
competitive interactions that involve effects taking place over distances com-
parable with the periodicity of the pattern. Similar interactions may, in fact, be
implicated wherever striped patterns with the morphological properties discussed
here are found in nature.

I am particularly grateful to Horace Barlow, Colin Blakemore and Graeme
Mitchison for their advice and encouragement, and to Denis Pelli and Laurence
Harris for some helpful suggestions, The work was supported by an M.R.C. grant,
to H.B. and C.B.

ArpEFDIX 1

ITere, the behaviour of a linear approximation to the model is considered, for
the case where the total density of right and left eye synapses remains constant,
that is, ng + 2y, = N everywhere. Since ny and ny do not vary independently,
it is convenient to use the single variable ¢ = nyp—n; to represent synaptic
density ; thus, ng = (N +0)/2 and n;, = (N —a})/2. Since neither ny nor n;, can
have negative values, @ can have a range of values hetween — ¥ and N. Since

np+ng, 18 constant, dng/0f = — an,/0f, which implies that wggp = —wpy and
wy, = —wyg- Equations (1)—(4) then reduce to

da/0t = (axw+ K) (N—a) (N +a), (7)
where w = wggp +wyy ( = —wgy —wpg), and K = N*(wgg—wpy), 8 constant,

which, except during monocular deprivation, when wgp # wy g, will be zero.
At the start of segregation, ny = n;, everywhere, and thus ¢ ~ 0. For small
deviations of ¢ from zero, (N —a) (N +a) = N2, and so

do /0t = N¥asw+ K). (8)

This equation can be solved by transformation into Fourier space, and this
allows one to deduce the conditions that w must satisfy if a spatially periodic
pattern is to be generated. Denoting the transforms of ¢ and w by A(v) and
W({v) respectively, where v is frequency, and assuming equality of the two eyes,
so that K = 0, equation (8) transforms to give d4 /0 = N2A W, which has the
solution 4 = A, exp (N2Wi), where 4, is the transform of 4 at time ¢ = 0. If 4
is initially randomly distributed, all frequencies will initially be present in A,
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The effect of multiplication by exp (N2Wi) is to cause one of these frequencies, that
for which W is a maximum, to predominate over others. The ratio in the amplitudes
of twa frequencies v, and v, is A(v, )/ A(v,) = {A(v)) /A W)} exp{ W (v)) — W(p,)} L.
This ratio tends to infinity as ¢—> oo for arbitrarily small positive difference
hetween W(r,) and W({y,), provided that A (v,) # 0. Thus, provided that W has
a positive and single-valued maximum, a single frequency should predominate
in the final pattern. It seems reasonable to suppose that the effect of the non-
linearities that have been neglected is mainly to intraduce higher harmonics of
this frequency, which cause the sharp transitions present in the final patters.
Caleulations have confirmed that the maximum of W(v) does accurately predict
the periodicity of the computed stripes.

This analysis suggests that the existence of a positive maximum in the Fourier
transform of w is a sufficient, condition for the formation of a pattern characterized
by the existence of a predominant spatial frequency. This requirement will clearly
be satisfied by a large class of functions, with the exception of those where the
maximum is at zero frequency, implying an absence of periodicity in the final
pattern. These exceptions probably include most, if not all, of those functions
whose shape could be interpreted to imply the existence of only one type of short-
range interaction between synapses, rather than the two postulated here.

The response of the system described by equation (8) to changes in w and K
resulting from monacular and binocular deprivation can also he predicted. Here,
one ig interested in the value of ¢ averaged over space, &, which gives a measure of
the preponderance of one eye’s input over the other. Integrating both sides of
equation (8) over space gives da/dt = N*{@w+ K), which has the solution

a = a,exp (N¥pt)+ (K [w) [exp (Nt) — 1], {9)

where 7, is the space average of a at time £ = 0. Note: that in either normal
vision or binocular deprivation, X = 0; that deprivation of either, or both, eyes
will make % more negative (since the central positive regions of wpy and wp,,
are reduced in magnitude); and that K will be negative for right-eye deprivation
and positive for left-eye deprivation. For positive values of % the initial equilibrium
i, is unstable; this suggests that in reality @ < 0. For the case in which w < 0,
the system tends to a stable equilibrium & = — Kfw. The larger the magnitude
of w, the faster this equilibrium is reached. For K = 0,2 = 0, i.e. iy = 7, with
an equal representation of both eyes. If K is made negative (i.e. for right eye
deprivation), the equilibrium value of @ becomes negative, i.e.. ¥ < f. The
change will be reversed by making K positive (i.e. by subsequent monocular left-
eye deprivation) or by restoring K to zero (i.e. by opening hoth eyes). This latter
effect will have a slower time course than reverse suturing, however, hecause w
will be less negative after reopening, and terms in exp (N%#t) in equation (9) will
tend to zero more slowly. If % is normally close to zero, then reopening can be
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expected to be almost without effect. Electrophysiological studies suggest that
this is so in the monkey (Hubel 1978) but not in the cat (Mitchell e al. 1977;
Olson & Freeman 1978). '

APPENDIX 2

The model can be generalized to account for pattern formation in other systems.
For example, the functions w, and w, can be related to effects on growth or
differentiation produced by the diffusion of active substances secreted by the cell
types that constitute the pattern. Suppose that at the start of development
presumptive elements of the final pattern (e.g. black pigment cells, or their
precursars) are scattered randomly over a two-dimensional surface, with a density
n(r). Suppose that each cell releases into its surroundings a growth-stimulating
substance with a short range of effect {due to a low rate of diffusion, or rapid
inactivation) and an inhibitory substance with a longer range of effect. The effects
on growth due to each cell will vary with distance from the cell and, at equilibrium,
can be described by a function w(r) = Cp— fC, where f is a positive constant
and Oy and C are concentrations of the stimulating and inhibitory substances
respectively ; w(r) will then be positive for short distances and negative for longer
ones. Provided that growth is slow compared to the time course of equilibrium
hy diffusion, growth at any point will be given by

In(r) /Ot = fin) n(r)=wlr), {10)

where f(n) describes the response of the cells to a stimulus to grow. When two
interacting cell types are present, the equations describing the system are the
same as those proposed for ocular dominance stripe formation. However, the
simpler system described by equation (10) yields similar patterns (as the resem-
blance to equation (7) would suggest). Computer solutions have been obtained
with f(n) given by equation (3}, with » initially normally distributed about means
varying in different instances from 0.1¥ to 0.9V, and with (' and € obtained as
equilibrium solutions to the steady-state diffusion equation D d2C/ds? = kC,
where D is the diffusion constant and £ is the rate of removal or inactivation of
(1, and with a constant source of € at r = 0. Depending on the values of D, k and
£ used, the patterns formed range from small, disconnected spots to branching,
regularly spaced stripes with the appearance and properties of the stripes already
described.
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